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E-mail addresses: qian.z.aa@m.titech.ac.jp, zhengIn this paper, we present results of full band structures for two-dimensional piezoelectric
phononic crystals with {1–3} connectivity family. The plane-wave-expansion (PWE)
method is applied to the theoretical derivation of secular equations of the two polarization
modes: a transverse polarization mode and a mixed (longitudinal-transverse) polarization
mode. And the band structures of the two modes for both the case of piezoelectric rods
embedded in a polymer matrix and the case of polymer rods embedded in a piezoelectric
matrix are calculated for two different cross-sections of the rods, i.e., circular and square,
considering the practical fabrication of phononic crystals. We reveal the existence of sev-
eral very large complete band gaps in a material of practical interest such as PZT rods rein-
forced polythene composite. The effects of shapes and ﬁlling fraction of the rods on band
gaps are discussed in detail. The existence of these gaps in relation to the physical param-
eters of the constituent materials involved is studied. Understanding the band structures of
piezoelectric phononic crystals can give some information for improvements in the design
of acoustic transducers.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
During the last few decades, the propagation of waves in periodic or random composite structures has been studied
extensively. Various structures and compositions of composite materials have been investigated using different approaches
(Bai and Keller, 1987; Achenbach and Kitahara, 1987; Hennion et al., 1990; Hladky-Hennion and Decarpigny, 1991). More-
over, during the last few years, much effort has focused on the search of large band gaps in the acoustic band structures of
periodic inhomogeneous composite systems. Several theoretical models of these so-called ‘‘phononic crystals” have been
proposed based on the plane wave expansion (PWE) method: two-dimensional (Sigalas and Economou, 1992, 1993; Econo-
mou and Sigalas, 1993; Kushwaha et al., 1993, 1994; Vasseur et al., 1994; Tanaka and Tamura, 1998) and three-dimensional
(Kafesaki et al., 1995; Kushwaha and Djafari-Rouhani, 1996; Kushwaha et al., 1998; Suzuki and Yu, 1998) phononic crystals.
Furthermore, some experimental work has been done to demonstrate the existence of band gaps in two-dimensional solid
composites and periodic particulate composites (Vasseur et al., 1998, 2001; Henderson et al., 2001). In these cases, the mea-
sured transmission drops to noise level throughout frequency intervals in reasonable agreement with the forbidden fre-
quency bands calculated with the PWE method.
Recently, the ﬁnite difference time domain (FDTD) method was applied to the study of two- and three-dimensional elastic
band gap materials and can be used, in contrast to the PWE method, to calculate the acoustic transmission coefﬁcient of a. All rights reserved.
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2004; Tanaka et al., 2007). More recently, the eigenmode match theory (EMMT) method has been proposed to calculate the
transmission and reﬂection property of the phononic crystals (Hou et al., 2004a; Cao et al., 2005; Yao et al., 2007). Kuang
et al. (2004) studied the effects of shapes and symmetries of scatters on the phononic band gap in 2D solid phononic crystals
by using the PWE method. Charles et al. (2006) used PWE method to calculate the phononic band structures of guide elastic
waves in both 2D phononic plates and thin layered periodic arrangements.
To our knowledge, most previous studies on the problem of wave propagation in phononic crystals were devoted to the
case of elastic periodic structures. Few people have studied the wave propagation problem in periodic piezoelectric compos-
ite structures which are periodically made up of polymers and piezoelectric ceramics and really thought to be phononic crys-
tals (Qian et al., 2004; Wilm et al., 2002, 2003; Hou et al., 2004b; Wang, 2007). Such piezoelectric composites are extensively
used in many intelligent materials and structures. However, the corresponding computations of band structures in such pie-
zoelectric phononic crystals are limited in scope. Obviously, the availability of full band structure calculations for piezoelec-
tric phononic crystals could lead to improvements in the design of transducers, which is also the motivation for this work
here.
In this paper, full band structures are analytically investigated for piezoelectric phononic crystals with {1–3} connectivity
family which consists of the 1–3 connectivity case of piezoelectric rods embedded in polymer matrix and the 3–1 connec-
tivity case of polymer rods embedded in piezoelectric matrix. Considering practical fabrications of piezoelectric phononic
crystals, we focus our research work mainly on the effects of connectivity and shape of rods on absolute band gaps in the
piezoelectric phononic crystals. And the inﬂuences of ﬁlling fraction of rods upon the distribution of band structures and
the width of band gaps are analyzed in detail as well.2. Theoretical derivation
In this paper, we calculate the band structure of binary piezoelectric phononic crystals with two-dimensional periodicity
using a method developed by Kushwaha et al. (1994). These periodic systems are modeled as arrays of inﬁnite rods of cir-
cular/square cross-section made of material A embedded in an inﬁnite matrix made of material B, as shown in Fig. 1(a). And
Fig. 1(b) displays the ﬁrst Brillouin zone associated with the Bravais lattice of Fig. 1(a).
For theoretical derivation, ﬁrst we take into account piezoelectric phononic crystal with 1–3 connectivity, i.e., material A
being transversely isotropic piezoelectricity and material B isotropic polymer. The case of piezoelectric phononic crystal with
3–1 connectivity can follow the same procedure. The polling direction of piezoelectricity is along the z-direction, perpendic-
ular to the x–y plane. We assume that the system has translational symmetry in the z-direction, which means that the rel-
evant material parameters of material A and B in this case depend only on the coordinates x and y. We also limit the wave
propagation to the x–y plane – an assumption which follows all the studies, both theoretical and experimental, on the pho-
tonic band structure of dielectric rods. Then the three mechanical displacement components are independent of the z coor-
dinate. For this conﬁguration and no wave-vector components parallel to the rod axis there are two independent modes of
vibration. One of them is the transverse polarization mode in which the elastic displacement vector is parallel to the rod axis
and perpendicular to the Bloch wave vectors. And the other one is a mixed (longitudinal-transverse) polarization mode in
which the elastic displacement vector and the Bloch wave vectors are coplanar and perpendicular to the rod axis. So we have
the wave equationFig. 1.
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(a) Cross-sections of the studied system: a square array of inﬁnite rods (A) periodically distributed in an inﬁnite matrix (B), with different shape of
rcular section of diameter 2r0 and square section of width l, a is the lattice constant. (b) The ﬁrst Brillouin zone in the (Kx, Ky) plane.
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sponding to the displacement components in x-direction and y-direction, respectively. C1 = c11, C2 = (c11  c12)/2 with c11,
c12 and c44 being the elastic constants of piezoelectricity, e15 and e11 being the piezoelectric constant and the dielectric con-
stant, respectively. Here, we write the left-hand side term 0 as 0o2u/ot2 in the second equation of Eq. (1b) to keep the same
form as the ﬁrst equation of Eq. (1b), which is the idea taken from Hou et al. (2004b) to perform the PWE procedure easily. In
the following, all the material parameters will be denoted by a superscript A for rods and B for matrix, respectively.
In our calculations of elastic band structure of 2D piezoelectric phononic crystals, Eqs. (1a) and (1b) form the basic equa-
tions describing the propagation of elastic waves. Eqs. (1a) and (1b) can degenerate to the same expression as the Eq. (5) and
Eq. (6) in Vasseur et al. (1998) when both material A and material B become isotropic. Taking advantage of the 2D periodicity
in the x–y plane, the relevant material parameters, which are obviously periodic functions of the position, can be developed
in the forms of Fourier series. After some vector algebra, Eqs. (1a) and (1b) become standard eigenvalue equations for cal-
culating the band structure of the studied system. The detailed derivation processes, which are omitted here, can be easily
found in Kushwaha et al. (1994). In this paper, we focus on the numerical example and discussion part.
3. Numerical example and discussion
The only speciﬁc Bravais lattice to be considered in this paper is the square lattice of period a. Its reciprocal lattice is also
square, as shown in Fig. 2(b), with the reciprocal lattice vectors G deﬁned as Eq. (39) in Kushwaha et al. (1994).
From Section 2, we know that the secular equations for both modes are two inﬁnite sets of linear equations for which the
size of the involved matrices depends on the number of vectors G taken into account in the truncated Fourier series. In prac-
tice, only a ﬁnite number of G vectors are, of course, taken into account for the numerical calculation. In our numerical cal-
culation, totally 169 (13  13) plane waves are used in the plane wave expanding procedure, that is to say, the two integers
in the deﬁnition of the reciprocal lattice vector are limited to an interval deﬁned by 6 6 nx, ny 6 6, which is enough to result
in a very good convergence in the calculation of band structures. The relevant material parameters used in the calculations
are listed in Table 1, which is taken from Qian et al. (2004).
The cross-sectional form of the rods is speciﬁed to be two cases: (1) circular section of radius r0, (2) square section of
width 2l, which results in the following structure function factors from Eq. (11) in Kushwaha et al. (1994), respectively.
(1) FðGÞ ¼ 2f J1ðGr0ÞðGr0Þ with f ¼ pr20=a2 and 0 6 f 6 p/4,
(2) FðGÞ ¼ f sinðGxlÞ sinðGylÞðGxlÞðGylÞ with f = 4l
2/a2 and 0 6 f 6 1,
where J1 is the Bessel function of the ﬁrst kind of order one. In each case, the maximum value of the ﬁlling fraction f corre-
sponds to the close packing of the rods in the matrix.
3.1. The ﬁrst case: circular section
Let us consider the ﬁrst case, i.e., the rods having circular cross-section. Fig. 2(a) shows the ﬁrst few XY and Z phononic
bands for the combination system of piezoelectric rods of circular section embedded in polymer matrix, the ﬁlling fraction f
being equal to 0.553. The plots are given in terms of the dimensionless frequencyX = xa/2pCt (where Ct is the effective shear
wave velocity in piezoelectric phononic crystals) versus the dimensionless Bloch wave vector k = Ka/2p. We have plotted the
band structure for the XY and Z modes in the three principal symmetry directions, letting k scan the periphery of the irre-
ducible triangle JMN of the ﬁrst Brillouin zone (see the inset in Fig. 2(a)). According to Vasseur et al. (1994), we infer that the
existing band gaps extend throughout the Brillouin zone.
In the range of frequency of Fig. 2(a), four complete band gaps were found between the XY and the Zmode bands. It can be
seen from Fig. 2(a) that the ﬁrst complete band gap has the largest width among the obtained four band gaps. And the width
of the ﬁrst complete band gap is much larger than that of the other three band gaps. The band structure in Fig. 2(a) is com-
puted for a ﬁlling fraction of 0.553 because this is the value of f that leads to the largest complete band gap in the case with
1–3 connectivity. Indeed, in Fig. 2(b), the widths of these four band gaps are presented as a function of the ﬁlling fraction f.
We note that the opening of complete band gaps covers a large range of the ﬁlling fraction, namely, 0.1 < f < 0.72.
Through comparison of the distribution of complete band gaps with the distribution of band gaps for Zmode or XYmode,
it can be seen that the ﬁrst complete band gap is greatly affected by the stop-band effect of Z mode, while the other highTable 1
Material parameters used in calculations
Material Elastic constants (109N m2) Piezoelectric constants (C m2) Dielectric constants (1010F m1) Mass Density (kg m3)
c11 c33 c44 c13 c12 e15 e31 e33 e11 e33 q
PZT-5H 121 117 23 84.1 79.5 17 6.5 23.3 150 130 7.5  103
Polythene 5.54 5.54 1.28 2.98 2.98 0.00 0.00 0.00 0.204 0.204 1.18  103
Fig. 2. (a) The elastic band structure for XY (solid lines) and Z (dashed lines) modes of vibration for the combination system of piezoelectric rods of circular
section in polymer matrix for f = 0.553 in the three high-symmetry directions JMN of the ﬁrst Brillouin zone (see the inset), (b) The width of the ﬁrst four
complete band gaps as a function of the ﬁlling fraction of rods.
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posites with 1–3 connectivity, the Zmode dominates the ﬁltering effect in low frequency scale while the XYmode dominates
the ﬁltering effect in high frequency scale, which can provide some theoretical references for the selection of vibration mode
for the design of acoustic transducers.
Fig. 3 is the same as in Fig. 2 for the combination system of polymer rods of circular section embedded in a piezoelectric
matrix for a ﬁlling fraction of 0.65 which is the value of f leading to the largest complete band gap in the case with 3–1 con-
nectivity. We note that there is only one narrow band gap in the range of frequency in Fig. 3(a). The only complete band gap
is the result from the co-effect of Z mode and XY mode due to the fact that for periodic piezoelectric composites with 3–1
connectivity three band gaps appear for Zmode and one band gap for XY mode. By the similar comparison which is done for
the piezoelectric composites with 1–3 connectivity, we can say that the ﬁltering effect in the periodic piezoelectric compos-
ites with 3–1 connectivity of circular cross-section rods is controlled mainly by XY mode.
As a function of the ﬁlling fraction, the complete bang gap opens up for 0.5 < f < 0.78 with a maximum of its width less
than 0.08 at f = 0.65 (Fig. 3(b)). This phenomenon seems interesting and is a big difference from the case of piezoelectric com-
Fig. 3. (a) The same as in Fig. 2 for the combination system of polymer rods of circular section in piezoelectric matrix for f = 0.65, (b) The width of the only
complete band gap as a function of the ﬁlling fraction.
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properties between ﬁlling phase and matrix will give rise to the appearance of band gaps. However, in the case of periodic
piezoelectric composites with 3–1 connectivity in which the big differences of local physical properties between ﬁlling phase
and matrix appear to be the same as that in the periodic piezoelectric composites with 1–3 connectivity, the existence and
distribution of band gaps is more difﬁcult and limited than that in the piezoelectric composites with 1–3 connectivity, which
we think is because the hard matrix makes it more easier for waves to propagate from cover to cover.
3.2. The second case: square section
Nowwe turn to the second case, i.e., the rods having square cross-section. In Fig. 4(a), the Z and XY band structures for the
combination system of piezoelectric rods of square section embedded in polymer matrix are drawn for the ﬁlling fraction
f = 0.237. Two band gaps exist individually for the Z mode or the XY mode for the periodic piezoelectric composites with
1–3 connectivity of square cross-section rods, but only one complete band gap appears in the range of frequency considered
Fig. 4. (a) The elastic band structure for XY (solid lines) and Z (dashed lines) modes of vibration for the combination system of piezoelectric rods of square
section in polymer matrix for f = 0.237, (b) The width of the only complete band gap as a function of the ﬁlling fraction.
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the ﬁlling fraction, the only complete band gap opens up for a very small range of 0.227 < f < 0.258 with a maximum of its
width around f = 0.237 (Fig. 4(b)). So it means that the complete band gap only exists under certain ﬁlling fractions of pie-
zoelectric rods for the periodic piezoelectric composites with 1–3 connectivity of square cross-section rods.
Fig. 5 is the same as in Fig. 4(a), but for the combination system of polymer rods of square section in piezoelectric matrix
for f = 0.5, in which no band gap is found for the range of frequency considered. We calculated the band structure of this
combination system for the values of ﬁlling fraction at the interval deﬁned by 0 < f < 1, which resulted in similar phenomena
as Fig. 5, i.e., no complete band gap for this case. This phenomenon is reasonable because of the fact that no band gaps exist
individually for the Z mode or the XY mode for the periodic piezoelectric composites with 3–1 connectivity of square cross-
section rods, which is the result from the following reasons based on our qualitative analysis: (1) the square frame makes it
easy for elastic waves to propagate from cover to cover; (2) piezoelectric ceramics matrix has larger wave speed and less
dispersive effect than that of polymer matrix. So the periodic piezoelectric composites with 3–1 connectivity of square
cross-section rods do not have the optional nature of frequency, i.e., no ﬁltering effect.
Fig. 5. The same as in Fig. 4 for the combination system of polymer rods of square section in piezoelectric matrix for f = 0.5. There is no band gap in this
situation.
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In this paper we theoretically investigated the existence of complete band gaps in the acoustic band structure of piezo-
electric phononic crystals. Relatively large band gaps, where the propagation, perpendicular to the rod axis, of elastic waves
is forbidden, were obtained. The inﬂuence of the geometry of the rods, and the effect of the connectivity, on the band struc-
ture and the width of the complete band gaps were studied.
In both combination systems, larger and more complete band gaps appear for a circular section than for a square section,
which means that rods of a circular section are much better to be engineered to provide an insulation environment for high-
precision mechanical systems in a given frequency range. Also larger and more complete band gaps appear for piezoelectric
phononic crystals with 1–3 connectivity than for that with 3–1 connectivity. In the situation of polymer rods of a square
section embedded in an inﬁnite piezoelectric matrix, no complete band gap is found for all values of the ﬁlling fraction,
which we think may be due to the fact that the square frame made of piezoelectricity makes it easy for elastic waves to prop-
agate from cover to cover.
In this paper, we have only considered square arrays of rods perfectly bonded with a matrix. This means that we ne-
glected the effects due to debonding of the rods from the matrix and roughness at the interface between the rods and the
matrix. Such defects could alter the elastic wave propagation in piezoelectric phononic crystals and consequently change
the appearance of complete band gaps in such piezoelectric phononic crystals, which will be under investigation in the
future.
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